On the synectic metric in the tangent bundle of a Riemannian manifold by Aras, Melek
ar
X
iv
:1
30
3.
10
56
v1
  [
ma
th.
M
G]
  5
 M
ar 
20
13
On the synectic metric in the tangent bundle of a
Riemannian manifold
Melek ARAS∗
September 25, 2018
Abstract
The purpose of this paper is to investigate applications the covariant
derivatives of the covector fields and killing vector fields with respect
to the synectic lift Sg =C g +V a in a the Riemannian manifold to its
tangent bundle T (Mn) , where
Cg-complete lift of the Riemannian metric,
V a-vertical lift of the symmetric tenso¨r field of type (0, 2) in Mn .
Keywords:Tesor bundle ; Metric connection; Covector field; Levi-
Civita connections; Killing vector field
1. Introduction
Suppose that there is given the following Riemannian metric
S g˜CBdx
CdxB = ajidx
jdxi + 2gjidx
jδyi (1)
in tangent bundle in T (Mn) over a Riemannian manifold Mn with metric g,
where aji are components of a symmetric tensor field of type (0, 2) in Mn and
δyh = dyh+Γhi dx
i, Γhi = y
j Γhji with respect to the induced coordinates
(
xh, yh
)
in π−1 (U) ⊂ T (Mn). We call this metric the synectic metric. The synec-
tic metric Sg =C g +V a has respectively components[2] and its contravarient
components
Sg =
(
S g˜CB
)
=
(
aji + ∂gji gji
gji 0
)
,S g˜CB =
(
0 gji
gji xs∂sg
ji − aji..
)
(2)
where ∂gji = x
s∂sgji and a
ti
.. = g
jtajsg
si.
Components of the Riemannian connection determined by the synectic met-
ric Sg are [1]{
SΓkji = Γ
k
ji,
SΓk
ji
= Γkji,
SΓk
ji
= Γkji,
SΓk
ji
= 0
SΓk
ji
=S Γk
ji
=S Γk
ji
= 0, SΓkji = x
t∂tΓ
k
ji +H
k
ji
(3)
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1
with respect to the induced coordinates in T (Mn), Γ
k
ji being Christoffel symbols
constructed with gji . Where H
k
ji =
1
2
gks (∇jasi +∇iajs −∇saji) is a tensor
of type (1, 2) and ∇saji = ∂saji − Γ
l
kjali − Γ
l
kiajl.
The metric connection ∇˜ of the synectic metric satisfies ∇˜C
SgBA = 0 and
has non-trivial torsion tensor T
A
CB, which is skew-symmetric in the indices C
and B .Then the metric connection ∇˜ of the synectic metric has components[1]
Γ˜hji = Γ˜
h˜
ji
= Γ˜h
ji
= Γhji,
Γ˜hji = Γ˜
h˜
ji
= Γ˜h
ji
= Γhji,
Γ˜hji = x
t∂tΓ
h
ji +H
h
ji − y
kRkjih
(4)
with respect to the induced coordinates, Γkji being Christoffel symbols formed
with gji, where H
k
ji =
1
2
gks (∇jasi +∇iajs −∇saji).
Given a vector field X˜ in T (Mn), the 1 − form , ω˜ defined by ω˜
(
Y˜
)
=
g˜
(
X˜, Y˜
)
, Y˜ being an arbitrary element of T 1
0
(Mn), is called the covector field
associated with X˜ and denoted by X˜∗. If X˜ has local components X˜A, then
the associated covector field X˜∗of X˜ has local components X˜C = g˜CAX˜
A.
Let ωbe a 1−form inMn with components ωi. Then the vertical , complete
and horizontal lifts of ω to T (Mn) have respectively components[4]
(
V ωB
)
= (ωi, 0) ,
(
CωB
)
= (∂ωi, ωi) ,
(
HωB
)
=
(
−Γki ωk, ωi
)
with respect to the induced coordinates in T (Mn) .
The associated covector fields of the vertical , complete and horizontal lifts
to T (Mn), with the synectic metric , of a vector field X with components X
h
in Mn are respectively
(Xi, 0) ,
(
ys∂sXi + aijX
j, Xi
)
,
(
ΓhiXh + aijX
j, Xi
)
(5)
with respect to the induced coordinates, where Xj = gjiX
i are components of
the covector field X∗ associated with X .
A vector field Xǫℑ1
0
(Mn) is said to be a Killing vector field of a Riemannian
manifold with metric g, if LXg = 0[3]. In terms of components gji of g, X is a
Killing vector field if and only if
LXg = X
α∇αgji + gαi∇jX
α + gjα∇iX
α = ∇jXi +∇iXj = 0,
Xα being components of X , where ∇ is the Riemannian connection of the
metric g.
2. Main Results
We now take a vector field X in Mn with components X
h.Then, since the
associated covector fields of the lifts of X have respectively components give by
(5), we have by (3) and (5)
2

S∇VBXA =
(
∇jXi 0
0 0
)
,
S∇CBXA =
(
∂ (∇jXi) +∇j
(
ailX
l
)
−HmjiXm ∇jXi
∇jXi 0
) (6)
and consequently

S∇VBXA +
S ∇VAXB =
(
∇jXi +∇iXj 0
0 0
)
,
S∇CBXA +
S ∇CAXB =
(
S∇Cj Xi +
S ∇Ci Xj
S∇Cj Xi +
S ∇C
i
Xj
S∇C
j
Xi +
S ∇Ci Xj
S∇C
j
Xi +
S ∇C
i
Xj
)
S∇Cj Xi +
S ∇Ci Xj = ∂ (∇jXi +∇iXj)
+∇j
(
ailX
l
)
+∇i
(
ajlX
l
)
−HmjiXm −H
m
ijXm
S∇Cj Xi +
S ∇C
i
Xj = ∇jXi +∇iXj
S∇C
j
Xi +
S ∇Ci Xj = ∇jXi +∇iX
S
j
∇C
j
Xi +
S ∇C
i
Xj = 0
(7)
with respect to the induced coordinates ,where Xj = gjkX
k. From (7) we have
Theorem 1 Necessery and sufficient conditions in order that (a) the vertical,
(b) complete lifts to T (Mn), with the synectic metric, of a vector field X in Mn
be a Killing vector field in T (Mn) are that, respectively, (a) X is a Killing vector
field in Mnand (b) X is Killing vector field with vanishing covariant derivative
in Mn and the covariant derivative of symmetric tensor field a of type (0, 2)
vanishes.
We also have by (2) and (6)

S∇VBXA −
S ∇VAXB =
(
∇jXi −∇iXj 0
0 0
)
,
S∇CBXA −
S ∇CAXB =
(
S∇Cj Xi −
S ∇Ci Xj
S∇Cj Xi −
S ∇C
i
Xj
S∇C
j
Xi −
S ∇Ci Xj
S∇C
j
Xi −
S ∇C
i
Xj
)
S∇Cj Xi −
S ∇Ci Xj = ∂ (∇jXi −∇iXj)
+∇j
(
ailX
l
)
−∇i
(
ajlX
l
)
−HmjiXm +H
m
ijXm
S∇Cj Xi +
S ∇C
i
Xj = ∇jXi −∇iXj
S∇C
j
Xi +
S ∇Ci Xj = ∇jXi −∇iX
S
j
∇C
j
Xi −
S ∇C
i
Xj = 0
(8)
with respect to the induced coordinates ,where SgBA S∇VBXA = 0 and
SgBA S∇CBXA =
2gji∇jXi. Thus we have, from (8), respectively,
3
Theorem 2 The vertical lift of a vector field in Mn to T (Mn) with the synectic
metric Sg is harmonic if and only if the vector field in Mn is closed.
Theorem 3 The complete lift of a vector field in Mn to T (Mn) with the synec-
tic metric Sg is harmonic if and only if the vector field in Mn is harmonic and
the covariant derivative of symmetric tensor field a of type (0, 2) vanishes.
We consider a vector field Xǫℑ1
0
(Mn). Then its vertical , complete and
horizontal lifts have components of the form
VX =
(
0
Xh
)
, CX =
(
Xh
∂Xh
)
, HX =
(
Xh
−ΓhiX
i
)
(9)
with respect to the induced coordinates in T (Mn), where Γ
h
iX
i = ys ΓhsiX
i.
Let X be a vector field in Mn with local components X
k. Then, from (9)
and (4), we see that, the covariant derivatives of the vertical, complete and
horizontal lifts of Xǫℑ1
0
(Mn)with the metric connection ∇˜ have respectively
components

∇˜B
VXA =
(
0 0
∇jX
h 0
)
,
∇˜B
CXA =
(
∇jX
h 0
∂
(
∇jX
h
)
+HhjmX
m − ykRhkjmX
m ∇jX
h
)
,
∇˜B
HXA =
(
∇jX
h 0
−Γhi
(
∇jX
i
)
+HhjmX
m 0
) (10)
with respect to the induced coordinates T (Mn) .
Remark 4 ∇˜ = ∇ +V H, where ∇ is the metric connection with the metric
Cg[1]
Remark 5 The metric connection ∇ coincides with the horizontal lift H∇ of
Levi Civita connection ∇of g in Mn[4] . Thus we have
Proposition 6 Necessery and sufficient conditions in order that (a) the verti-
cal, (b) complete and horizontal lifts of a vector field in Mn to T (Mn) with the
metric connection ∇˜ be parallel in T (Mn) are that, respectively, (a) the vector
field given in Mn is parallel (b) the vector field given in Mn is parallel and the
covariant derivative of symmetric tensor field a of type (0, 2) vanishes.
Since ∇jX
h = tδhj with constant t implies R
h
kjiX
i = 0, we have also
Proposition 7 The complete lift of a vector in Mn to T (Mn) with the metric
connection ∇˜is concurrent if and only if the vector field given in Mn is con-
current and the covariant derivative of symmetric tensor field a of type (0, 2)
vanishes.
4
A vector field Xǫℑ1
0
(Mn) is said to be an infinitesimal isometry or a Killing
vector field of a Riemannian manifold with metric g, if LXg = 0. In terms of
components gji of g, X is an infinitesimal isometry if and only if
Xγ∂γgαβ + gαγ∂βX
γ + gγβ∂αX
γ = 0, (11)
Xα being components of X [3], where the indices α, β and γ run over the
range {1, 2, ...,m} .
Let there be given in Mn a Riemannian metric g with components gji.Let
X˜ be a vector field with components
(
X˜k
X˜k
)
with respect to the induced
coordinates in T (Mn) .
with respect to the induced coordinates in T (Mn). Then, taking account of
(2), we see by virtue of (11) that X˜ is an infinitesimal isometry n T (Mn) with
metric Sg if and only if

(
X˜h∂h∂gji + X˜
h∂hgji
)
+
(
∂gjh∂iX˜
h + gjh∂iX˜
h
)
+
(
∂ghi∂jX˜
h + ghi∂jX˜
h
)
+
(
X˜h∂haji + ajh∂iX˜
h + ahi∂jX˜
h
)
= 0
(12)
X˜h∂hgji + gjh∂iX˜
h +
(
∂ghi∂jX˜
h + ghi∂jX˜
h
)
+ ahi∂jX˜
h = 0 (13)
X˜h∂hgji + ghi∂jX˜
h +
(
∂gjh∂iX˜
h + gjh∂iX˜
h
)
+ ajh∂iX˜
h = 0 (14)
gjh∂iX˜
h + ghi∂jX˜
h = 0. (15)
We shall now prove
Lemma 8 Let C be an element of ℑ1
1
(Mn). Then LιC
Sg = 0 holds if and only
if C = 0.
Proof. Denote by Cki the local components of C. Then ιC has components(
0
yiCki
)
with respect to the induced coordinates in T (Mn) .Thus, substituting
X˜k = 0 and X˜k = yiCki in (13) , we have gkiC
k
j = 0, which implies C
k
j = 0,
i.e., C = 0.
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